This paper focuses on the design method of optimal multi-loop proportional integral (PI) controllers for the multiple inputs and multiple outputs (MIMO) systems via using Lyapunov theorems. The design problem of optimal multi-loop PI controller is transformed into a nonlinear constraint optimization (NLCO) problem. The optimal multi-loop PI controller parameters are obtained from solving the NLCO problem. The design method is used to devise the multi-loop optimal PI controller for different types of MIMO plants, and the optimal multi-loop PI controller under different control weight is also given too. The performances and robustness of different multi-loop PI controller's tuning methods are studied. The computer simulation results are presented to demonstrate the design method's effectiveness and optimal MIMO PI controller's better performance and robustness.
Introduction
As we know, the PI controller is still widely used in many industrial fields, although many new control techniques such as modern robust control, nonlinear control, adaptive control, predictive control, and intelligent control techniques have been developed over the past decades. Since the PI controller has the advantages of simple structure, few tuning parameters, and easy implementation, which leads to the tuning methods of the PI controller to be in-depth studied over the past decades. The single input and single output (SISO) and MIMO PI/PID controller can be also called as the single-loop and multi-loop PI/PID controller respectively. The tuning method of the single-loop PI/PID controller usually is simple, whereas the tuning method of the multiloop PI/PID controller is complicated because interactions exist in each loop.
In , many tuning methods of the SISO and MIMO PI/PID controller have been proposed for the SISO and MIMO plants. The Ziegler-Nichols and CohenCoon method in [3] [4] [5] are proposed to design the SISO PI/PID controller for the SISO plants, and sometimes the tuning methods of SISO PI/PID controller can be extended into the MIMO plants. In , many tuning methods of multi-loop PI/PID controllers have been proposed to design the MIMO PI/PID controller for the MIMO plants. The tuning methods of the multi-loop PI/ PID controller in can be detailed classified into the IMC method, direct synthesis method, frequency domain method, DRI method, robust loop shaping method, LTR/ LQG /LQR method, neurons network method, system gershgorin bands method, optimization method, detuning method, sequential design method, independent design method, relay auto-tuning method, and biggest logmodulus tuning method. In [6] , a robust multi-loop PI controller's design method is presented for the multivariable processes with multiplicative input uncertainty via applying direct synthesis and internal model control (IMC) approach. The specific method in [6] contains two steps: firstly, based on the direct synthesis and IMC approach, the tuning rules of MIMO PI controller are derived. Secondly the robust stability analysis is utilized to enhance the robustness of multiloop PI controller. In [7] [8] , a new systematic scheme is presented to design decentralized robust MIMO PI controller for an industrial utility boiler, based on the IMC strategy, the authors transform robust performance problem of the control system into a local robust performance problem that can be solved by appropriately selecting time constants of the closed-loop isolated subsystems. In [9] , the authors present an original frequency domain decentralized MIMO PI controller's design technique which guarantees performances of the control system. In [10] , a new design method of multiloop PI controller is proposed for the MIMO plants through the generalized IMC-PID approach and magnitude of sensitivity (Ms) theory. In [11] , via applying frequency domain techniques, a multi-loop PI controller is devised for an electrical oven system with nonlinear and multiple-heating zones. In [12] , a multi-loop PI/PID controller is derived by decomposing the interaction loops into a number of equivalent single loops, via applying effective open-loop process (EOP) method, the multi-loop PI/PID controller has reasonable gain margins and phase margins. In [13] , a online tuning method of the multi-loop PI controller is developed for MIMO plants by using model-based adaptive tuning method, the online tuning procedure of the multi-loop PI controller is transformed into a constrained least squares problem. In [14] , based on an activated sludge process (ASP) model, the authors propose a decentralized MIMO PI controller strategy for a wastewater treatment plant. In [15] , the authors extend two MIMO PI/PID controller tuning methods into nonsquare plants with right half-plane (RHP) zeros. In [16] , a MIMO PI/PID controller's design method is proposed for multi-variable systems via decomposing the multivariable plant into a set of n independent SISO loop, the IMC theory is used to design the PI/PID controller for each effective open-loop transfer function (EOTF) which is obtained from the model reduction. In [17] , a new design method of the MIMO PI/PID controller is presented by using system response frequency and gershgorin bands. In [18] , the direct synthesis approach is used to design a multi-loop PI/PID controller for MIMO plants. In [19] , a MIMO robust optimal PID controller is suggested to design for a non-minimum phase boiler system through using loop transfer recovery (LTR) / LQG technique. In [20] , an on-line adaptive MIMO PID controller is proposed for the MIMO systems, and the parameters of the controller are adjusted by auto-tuning neurons. In [21] , the authors propose an analytical design method of the multi-loop PID controller via extending SISO plants' generalized internal model control (G-IMC) PID controller into MIMO plants. In [22] , the authors propose a simple yet effective design method for the decentralized MIMO PID controller with structure decoupler through using dynamic relative interaction (DRI) analysis and IMC principle. In [23] , a new design method of the optimal multi-loop PID controller is presented by applying the generalized IMC PID method and M p criterion for MIMO plants, the parameters of the optimal multi-loop PID controller can be obtained by reducing search space to find the optimum closed-loop time constant. In [24] , the authors propose a new method to design a digital optimal MIMO PID controller for multiloop plants with time delay, parts parameters of the MIMO PID controller are preliminarily selected, the rest parameters of the MIMO PID controller are obtained by using the state feedback and controller state feed forward of LQR approach. Based on the closed loop frequency response method, in [25] , a tuning method of the multiloop PID controller is developed by extending a SISO PID controller's tuning method. In [26] , a robust MIMO PID controller is developed for the multi-variable processes through the loop-shaping H ∞ approach. In [27] , the additive affine-type uncertainty and its robust stability conditions are introduced, developed, and modified to design the MIMO PID controller. In [28] , the authors depict a method and a software tool that allows control engineers to calculate the optimal parameters of the MIMO PID controller for MIMO plants via applying the constrained nonlinear optimization techniques, and the software tool can identify the state space model of the multivariable systems. In [30] [31] [32] [33] [34] [35] , the detuning method (DM), biggest log-modulus tuning method (BLTM), sequential design method (SDM), independent design method (IDM), and relay auto-tuning method (RATM) are proposed to design the MIMO PI/PID controller for the MIMO plants.
In this paper, a systematic method is presented to design the optimal multi-loop PI controller for different types of MIMO plants. Via applying Lyapunov theorems, the optimal control problem is equally transformed into the optimization problem. The proposed method is unlike the classical optimal control method that needs solving the Riccati equation (RE). The optimal parameters of MIMO PI controller are obtained from solving a nonlinear constraint optimization problem. The proposed method is convenient to design an optimal multi-loop PI controller that can provide high performance for multi-loop plants. The paper is arranged as follow: the preliminary and optimal problem statements are presented in Section 2; the systematic method of designing the optimal multiloop PI controller is presented in Section 3. The simulation results, the performances, and the robustness of the optimal multi-loop PI controller are given in Section 4. In Section 5, we make some conclusions and review the study contents. The linear time invariant (LTI) system x Ax   , and x(0)=x 0 is asymptotical stability, for any given matrix Q=Q
Where K p , K i are the proportional coefficient matrix and integral coefficient matrix respectively, and they have the following forms:
Then the transfer function of output vector and error vector are obtained
Where I is an unit matrix, and the matrix (
can be equally written as:
* is the adjoint matrix of the original matrix (I+G p (s)G c (s)), therefore the output vector y(s) and error vector e(s) can be expressed as:
y s I G s G s G s G s R s I G s G s e s I G s G s R s s I G s G s e s sR s
The error differential equation of the control system can be got by inverse Laplace transform of the equation (8) .
When the command input vector R(t) is the constant signal or command input vector R(t) is zero (R(t)=0), even command input vector R(t)
is the piecewise constant signal, we can get the error vector differential equation
Where δ is the differential operator. Considering the differential operator matrix G p (δ) and G c (δ), error vector e(t), and the error vector differential equation (9) can be expressed as:
Then the corresponding state-space model of the differential equation (10) can be finally obtained , ,
Where x is state vector, A is state matrix, A i,j is the block matrix. A performance index should be proposed to obtain the optimal MIMO PI controller. The performance index such as the integral squared error (ISE), IAE, integral time absolute error (ITAE), and integral time squared error (ITSE) are often used for the criteria. Precision and steady-state characteristic of control system are directly reflected by control error. In this paper an augmented integral squared error (AISE) in [37] is applied to design the optimal multi-loop PI controller for the MIMO plants. The optimal multi-loop PI control problem for MIMO plants can be stated that: the optimal multi-loop PI controller not only minimizes the given performance index but also stabilizes the control system. Thus, the design problem of the optimal multi-loop PI controller for MIMO plants can be depicted by following equation
Where Q=diag(q 1 , q 2 , …, q n ) is a control weight matrix, and at least it is a positive semi-definite (PSD) real symmetric matrix. The constraint (2) of problem (12) certifies the stability of the control system. The parameter matrix K p and K i of the multi-loop PI controller contain the decision variables. The constraint (3) can determine the existence of feasible solutions and it can reduce the searching space, and also it assures the multi-loop PI controller can be physical implementation. If the parameters of the MIMO PI controller are too large, and they may not be physical achieved. The symbols τ p0 , and τ i0 in the constraint (3) represent the scope of the controller's parameter. 
Design optimal multi-loop PI controller for the MIMO plants
Without losing the generality, we design the optimal multi-loop PI controllers for a general two inputs and two outputs (TITO) plants, which will illustrate the proposed method to design optimal multi-loop PI controllers for MIMO plants. A TITO plant and its unit feedback control system are shown in the Fig.2 
T is the control vector, e(s)=( e 1 (s), e 2 (s))
T is the control error vector, and
T is the command input vector. The vector equation (14) can be further expressed as:
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The error differential equation of the control system can be acquired via inverse Laplace transform of the equation (15) . When the command signal vector R(t) is the constant signal or command input vector R(t) is zero (R(t)=0), even command input vector R(t) is the piecewise constant signal, we can acquire the error differential equation 
Where n jk 1 , n jk 2 , m jk 1 , and m jk 2 (j,k=1, 2) are the system parameters of the multivariable plant. Note that: the plants do not have forms as equation (17), we still can use the proposed method to design the multi-loop PI controller. When we consider the transfer function matrix G p (s), the equation (16) can be rewritten as the equation (18) 
For symbol simplicity, the equation (18) 
Where a The corresponding error state-space model of the equation (19) can be obtained 
Where O is the zero matrix, and I is the unit matrix, the proposed optimal multi-loop PI control problem of the TITO plants is formulated as equation ( (1)
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The constraint (3) in the NLCO problem (25) depicts the inner relationships of the multi-loop PI controller's parameters k pj , k ij (j=1,2). The system (25) is a nonlinear constraint optimization (NLCO) problem, the design problem of optimal MIMO PI controller is deduced into an issue that: we pursue a suitable matrix P that minimizes the performance index for the given control weight matrix and initial states. We assume that the control system is static at the beginning, an unit step command vector R(t)=(1(t), 1(t)) is inputted into the system, and the initial states can be obtained (25) has four independent decision variables with four constrained conditions. The NLCO problem (25) can be solved by different optimization algorithms, such as the Newton's algorithms, quasi-Newton algorithms, Lagrange algorithms, conjugate gradient algorithms, interior point algorithms, linear programming algorithms, simulated annealing algorithms, ant colony algorithms, immune algorithms, genetic algorithms, particle swarm algorithms, and other intelligent algorithms. These optimization algorithms and their software or toolboxes have been well established to solve the NLCO problem. Thus, the optimal parameters m j * (j=1,…,10) of the multi-loop PI controller are acquired, finally the optimal multi-loop PI controller is obtained
The problem (21) describes the proposed optimal multiloop PI controller's design problem for the TITO plants. If this optimal control problem is solved, the optimal PI controller is obtained. To design the optimal multi-loop PI controller for the MIMO plants, firstly, the multi-loop PI controller should guarantee the stability of the control system. Thus, we need to analyze the closed poles of the control system's characteristic equation (CE), and the CE of the control system can be obtained as:
  
The inequality (23) is obtained from Routh-Hurwitz criterion (RHC), and it determines the feasible region of the optimal multi-loop PI controller and guarantees the stability of the control system. Since the control system is stable, according to the Lyapunov theorem.1-2, the performance index J in the optimal control problem (21) is equivalent transformed into the performance index (24) .
It notes that: the proposed systematic method can be applied in MIMO plants; the design method can also be used for non-unit feedback control system; the time delay of MIMO plants can be approximated by the padé or other approximation, then the proposed method can be applied in such plants
Where P is a positive definite (PD) real symmetric matrix, the matrix P meets the LAE: A T P+PA=-Q. The optimal performance index (24) is determined by the matrix P and initial state. So, the optimal control problem (21) of the MIMO plants can be equally transformed via applying the Lyapunov theorem.1-2. Therefore, the optimal control problem (21) is finally equally transformed into a nonlinear constraint optimization problem (25) . Design problem of the optimal multi-loop PI controller for MIMO plants can be depicted by the nonlinear constraint optimization problem (25) . . : (1)
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Simulation study and results
To illustrate the proposed method (PM), we set two TITO plants G p1 (s) and G p2 (s). They are obtained by modifying the examples in [36] 
The optimal multi-loop PI controller of the proposed method (PM) for the plant.1-2 under different control weight matrices are shown in Table. 1. The different control weights can affect the control performances of the control system. The control performances of the multiloop PI controller for the plant.1-2 are discussed when using different tuning methods. The control system performances of the plant.1-2 are shown in the Table. 2 when using multi-loop PI controller of the proposed method and relay auto-tuning method (RATM) in [30] , and the corresponding unit step responses and its control error are shown in the Fig.3 and Fig.4 respectively. For the plant.1-2, both the Fig.3 and Fig.4 show that the multi-loop PI controller of PM has better performances and responses, the Fig.4 also shows that the response of PM's multi-loop PI controller is smooth and its control error attenuates fast too, however the multi-loop PI controller of the RATM brings about the oscillation responses. For the plant.1, the MIMO PI controller of the RATM has larger rise time, peak time, setting time, and peak overshoot than the PM. The setting time of the PM is about 0.495sec and 0.475sec (±5% error bands) for the output-1 (y 1 (t)) and output-2 (y 2 (t)) respectively, whereas the setting time of RATM is about 11.457sec and 14.479sec for the y 1 (t) and y 2 (t) respectively. The peak overshoot of the PM for the y 1 (t) and y 2 (t) is about 0.0% and 7.663% respectively, whereas the peak overshoot of the RATM for the y 1 (t) and y 2 (t) is about 0.0% and 10.861% respectively. For the plant.2, the RATM has smaller rise time, and peak time, but the RATM has larger peak overshoot. The peak overshoot of the RATM for the y 1 (t) and y 2 (t) is about 30.152% and 30.833% respectively, whereas the peak overshoot of the PM is about 0.00% and 2.210% respectively, which is much smaller than the RATM. Thus, the proposed MIMO PI controller can provide better performances.
The ability of the PM and RATM's multi-loop PI controller reject the outside disturbance are studied too. The rejection disturbance performances of the plant.1 and plant.2 are shown in the Fig.5 and Fig.6 respectively. For the plant.1, an outside step disturbance d 1 (t)=d 2 (t)=0.3u(t-20) is inputted into the system, the disturbance is fast restrained and eliminated by the PM. The disturbance attenuation time (DAT) of the PM is less than 1.0sec, whereas the DAT of the RATM is more than 10.0sec, which is displayed in the Fig.5 . For the plant.2, an outside step disturbance d 1 (t)=d 2 (t)=0.3u(t-12) is inputted into the system. The DAT of the PM is less than 1.0sec with the smooth responses, but the DAT of the RATM is more than 1.0sec with the oscillation responses, which is shown in Fig.6 . So, the PM multi-loop PI controller has better performance of reject the disturbances.
The robustness performances of PM and RATM's multi-loop PI controller for the plant.1-2 are studied as well. The step response of the RATM and PM's multiloop PI controller for plant.1-2 are shown in Fig.7 to Fig.10 respectively when system parameters of the plant.1-2 emerge parametric perturbations. When system parameters of the plant.1 perturb into the perturbed plant.1 (in Appendix), the corresponding step response of the RATM and PM's multi-loop PI controller are shown in Fig.7 and Fig.8 respectively. The results clearly reflect that the responses of the PM's multi-loop PI controller have smooth transient characteristic and nearly have no changes when the plant.1's system parameters emerge large perturbations, but the responses of the RATM multiloop PI controller have larger changes. Thus, the PM's multi-loop PI controller reflects the better robustness performance. When system parameters of the plant.2 perturb into the perturbed plant.2, the step responses of the RATM and PM's multi-loop PI controller are shown in the Fig.9 and Fig.10 respectively. The Fig.9 clearly reflects the responses of the RATM multi-loop PI controller have great changes and very larger peak overshoot, but the responses of PM's multi-loop PI controller in Fig.10 have better performances with minor changes when system parameters of the plant.2 perturb into the perturbed plant.2 (in Appendix). Therefore, the PM's multi-loop PI controller can provide better robust performances.
Conclusion
In this paper, a systematic method is presented to design of the multi-loop optimal PI controller for the multiple inputs and multiple outputs plants. The optimal control problem of the multi-loop PI controller can be transformed into the nonlinear constraint optimization problem via Lyapunov theorems. Optimal parameters of the multi-loop PI controller are obtained by solving the NLCO problem. Because the decoupler may increase the calculating difficulty and control system structure's the complexity, and just like most multi-loop PI controller's tuning methods, the proposed optimal multi-loop PI controller does not use the decoupler link in this paper. The multi-loop PI controller of the proposed design method can be still applied into the MIMO plants that contain time delay. The design method is used to devise the optimal multi-loop PI controller for different types of MIMO plants. The optimal multi-loop PI controller under different control weight matrices is given. The performances of different multi-loop PI controller's tuning methods are studied too. Although the proposed multi-loop optimal PI controller does not use the decoupler, the multi-loop PI controller still provides better performances. The computer simulation results show the proposed design method's effectiveness and optimal multi-loop PI controller's better performances and robustness.
